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In This Talk . . .

• Deterministic code construction that recovers product codes, staircase
codes, and block-wise braided codes as special cases

• Rigorous density evolution analysis possible over the binary erasure channel

• Application: Spatially-coupled product codes
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generalized product code (GPC)

staircase array [Smith et al., 2012]

0 0 0
0 0 0
0 0 0

. . .

Tanner
graph . . .

positions: 1 2 3 4 5

spatially-coupled code

• Deterministic codes with fixed and structured Tanner graph
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Fundamental question

Is it possible to directly analyze deterministic GPCs without the detour to code
ensembles?
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Density Evolution

Summary

• Parametrized code construction based on η recovers many existing code
classes as special cases (product codes, staircase codes, and others)

• Rigorous density evolution analysis possible over the binary erasure channel

• enables (asymptotic) performance prediction, code comparison via
thresholds, efficient parameter optimization, . . .
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high rates over the

binary symmetric channel

• Density evolution equations have the same form
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0 0 1 1 1 0
0 0 0 1 1 1
0 0 0 0 1 1









, 1
4









1 1 0 0 0 0
1 2 1 0 0 0
0 1 2 1 0 0
0 0 1 2 1 0
0 0 0 1 2 1
0 0 0 0 1 1









, 1
9









1 1 1 0 0 0
1 2 2 1 0 0
1 2 3 2 1 0
0 1 2 3 2 1
0 0 1 2 2 1
0 0 0 1 1 1









w = 2 w = 3

capacity-achieving at
high rates over the

binary symmetric channel

• Density evolution equations have the same form

• Different averaging due to matrices B and B̃
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1. Let P , w2B̃ = w2A⊺A
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1. Let P , w2B̃ = w2A⊺A

2. Form η′ from P : replace entries Pi,j by symmetric w × w matrices with
Pi,j ones per row/column

3. η2i,2j−1 = η′
i,j and η2i−1,2j = η′

j,i (create row/column array structure)

• Threshold bounds in [Jian et al., 2012] for the binary erasure channel also
apply to deterministic codes!
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Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P , w2B̃ = w2A⊺A

2. Form η′ from P : replace entries Pi,j by symmetric w × w matrices with
Pi,j ones per row/column

3. η2i,2j−1 = η′
i,j and η2i−1,2j = η′

j,i (create row/column array structure)

• Threshold bounds in [Jian et al., 2012] for the binary erasure channel also
apply to deterministic codes!

• Extension to binary symmetric channel?
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⊺ be a probability vector/distribution (i.e.,
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t
τt = 1 and τt ≥ 0 for all i)

• τt : fraction of component codes per position that correct t erasures
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∑

t
τt = 1 and τt ≥ 0 for all i)
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b

b

b

b

b

b

b

b
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• Different component codes are beneficial for product codes (see, e.g,
[Hirasawa et al., 1984] or [Justesen, 2011])

• Half-product codes (η = 1): optimization via linear programing leads to
performance improvements [Häger et al., 2015]

Theorem

For spatially-coupled product codes, (potential) threshold is maximized by
“regular” distribution
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Component Code Mixtures

Problem Formulation

For a fixed η (overall code structure), find “good” distributions τ .

Solution depends on the code structure:

• Different component codes are beneficial for product codes (see, e.g,
[Hirasawa et al., 1984] or [Justesen, 2011])

• Half-product codes (η = 1): optimization via linear programing leads to
performance improvements [Häger et al., 2015]

Theorem

For spatially-coupled product codes, (potential) threshold is maximized by
“regular” distribution

=⇒ no asymptotic (n → ∞, ℓ → ∞, large w) performance improvement
possible
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• There exist (sequences of) deterministic codes that perform asymptotically
equivalent to a previously studied spatially-coupled product code ensemble.

• Employing component code mixtures for spatially-coupled product codes is
not beneficial from an asymptotic point of view
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Conclusions

• Certain deterministic codes (including spatially-coupled product codes)
can be analyzed with density evolution over the binary erasure channel

• There exist (sequences of) deterministic codes that perform asymptotically
equivalent to a previously studied spatially-coupled product code ensemble.

• Employing component code mixtures for spatially-coupled product codes is
not beneficial from an asymptotic point of view

Thank you!
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