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Motivation and Outline

o Error-correcting codes for high-speed fiber-optical communications:
Generalized product codes with iterative bounded-distance decoding are
very appealing (low complexity)

e Code proposals are often very structured (i.e., deterministic):

e Conventional product codes [Justesen et al., 2010],
e Spatially-coupled (or convolutional-like) versions such as staircase codes
[Smith et al., 2012] and braided codes [Jian et al., 2013]

e However, (asymptotic) analysis is typically based on density evolution
using an ensemble argument ([Jian et al., 2012] and [Zhang et al., 2015])

e Exception: asymptotic analysis of product codes in [Schwartz et al., 2005],
[Justesen and Hgholdt, 2007]

In This Talk ...

e Deterministic code construction that recovers product codes, staircase
codes, and block-wise braided codes as special cases

e Rigorous density evolution analysis possible over the binary erasure channel

e Application: Spatially-coupled product codes

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 1/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

-

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

-

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

each row/column is a codeword in
some component code

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction

e CHALMERS
Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

each row/column is a codeword in
some component code

Tanner
graph

constraint node degree = component code length

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



CHALMERS

Introduction

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

each row/column is a codeword in
some component code

Tanner
edge = degree-2 variable node

graph

constraint node degree = component code length

C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12

Deterministic and Ensemble-Based SC Product Codes



CHALMERS

Introduction

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

each row/column is a codeword in
some component code

Tanner
graph

constraint node degree = component code length

C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12

Deterministic and Ensemble-Based SC Product Codes



Introduction < ] Density Evolution ially-Coupled PCs

©00 CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954]

Tanner
graph

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction Constructior Evolution ially-Coupled PCs

®00 : CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]

Tanner
graph

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction Constructior Evolution ially-Coupled PCs

®00 : CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]

o
o
o

Tanner
graph

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction Constructior Evolution ially-Coupled PCs

®00 : CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]

o
o
o

Tanner
graph

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Evolution ially-Coupled PCs
: CHALMERS

Introduction Constructior

@00

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]

o
o
o

Tanner
graph

C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12

Deterministic and Ensemble-Based SC Product Codes



Evolution ially-Coupled PCs
: CHALMERS

Introduction Constructior

@00

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]

o
o
o

Tanner
graph

C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12

Deterministic and Ensemble-Based SC Product Codes



Evolution ially-Coupled PCs
: CHALMERS

Introduction Constructior

@00

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]

o
o
o

Tanner
graph

C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12

Deterministic and Ensemble-Based SC Product Codes



Introduction Cc Y Evolution ially-Coupled PCs

®00 : CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]
o[ofo
ofofo generalized product code (GPC)
0[0]o0

Tanner
graph

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction tio Evolution

e o c ‘ 0 CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]
o[ofo
ofofo generalized product code (GPC)
0[0]o0

Tanner
graph

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction Code Cc Y ty Evolution ially-Coupled PCs

000 o 0 CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]
o[ofo
ofofo generalized product code (GPC)
0[0]o0

spatially-coupled code
Tanner

graph

positions: 1 2 3 4 5

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 2/12



Introduction ( ons tio ity Evolution

et CHALMERS

Introduction: Product Codes and Staircase Codes

rectangular array [Elias, 1954] staircase array [Smith et al., 2012]
o[ofo
ofofo generalized product code (GPC)
0[0]o0

spatially-coupled code
Tanner

graph

positions: 1 2 3 4 5

e Deterministic codes with fixed and structured Tanner graph
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o Codeword transmission over binary erasure channel with erasure
probability p
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e Example: staircase code with a fixed component
code

e Use simulations to predict performance —
computationally intensive

e Define “suitable” code ensemble, e.g.,
spatially-coupled product code ensemble
[Jian et al., 2012]

e Efficient asymptotic analysis via density evolution
[Luby et al., 1998], [Richardson and Urbanke, 2001]

bit error rate

Fundamental question

Is it possible to directly analyze deterministic GPCs without the detour to code
ensembles?
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e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

bit error probability (normalized)

effective channel quality ¢
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e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

density evolution
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Density Evolution

e What happens asymptotically for n — oo?

CHALMERS

e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

density evolution

bit error probability (normalized)

effective channel quality ¢

2 = W (cBx*Y)
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Density Evolution

e What happens asymptotically for n — oo?

CHALMERS

e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

=

density evolution

bit error probability (normalized)

effective channel quality ¢

initial condition
2@ =(1,...,1)

z = W (cBx" )
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e What happens asymptotically for n — oo?

CHALMERS

e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

=

density evolution

bit error probability (normalized)

effective channel quality ¢

A initial condition
B=yn 20 =(,...,1)

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 6/12



Density Evolution

0 CHALMERS

Density Evolution

e What happens asymptotically for n — oo?

e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

—
initial condition

B2yn O _(,. .. 1)
density evolution ! !

z = W (cBx*V)

element-wise application of
N t—1 40 g
‘I/Zt(r):lfzizu Tre

bit error probability (normalized)

effective channel quality ¢
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Density Evolution
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Density Evolution

CHALMERS

e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

bit error probability (normalized)

e
simulations: ;}
A
/
l’ density evolution
e
4
/
4
#
/
1
1
i
4

effective channel quality ¢

A initial condition
B=yn 20 =(,...,1)

z = W (cBx*Y)

element-wise application of
N t—1 40 g
qut(r>:172':0 Tre

i
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e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

bit error probability (normalized)

e

7T density evolution

increasing n

effective channel quality ¢

A initial condition
B=yn 20 =(,...,1)

z = W (cBx*Y)

element-wise application of
N t—1 40 g
qut(r>:172':0 Tre

i
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e What happens asymptotically for n — oo?

Density Evolution
[ Je]

Density Evolution

CHALMERS

e Let p = ¢/n for ¢ > 0, where c is the effective channel quality

bit error probability (normalized)

simulations: ;’f’
7 7
%
/
R | : .
7T density evolution
4...9
4
/ 1
T
1od
/ I
[
1 + :
By I | | |
El d ¢ : decoding threshold
increasing n

effective channel quality ¢

A initial condition
B=yn 20 =(,...,1)

z = W (cBx*Y)

element-wise application of
N t—1 40 g
qut(r>:172':0 Tre

i
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Summary

e Parametrized code construction based on 1 recovers many existing code
classes as special cases (product codes, staircase codes, and others)
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Summary

e Parametrized code construction based on 1 recovers many existing code
classes as special cases (product codes, staircase codes, and others)

e Rigorous density evolution analysis possible over the binary erasure channel
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Density Evolution

Summary
e Parametrized code construction based on 1 recovers many existing code
classes as special cases (product codes, staircase codes, and others)
e Rigorous density evolution analysis possible over the binary erasure channel
e enables (asymptotic) performance prediction, code comparison via
thresholds, efficient parameter optimization, ...
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Comparison of Deterministic Codes and Ensembles

Deterministic

¥ = W (cBx™Y)

(B =9m)
1 11
1 1 111
1 101 1 111
2 1 1 '3 111
1 1 111
1 11
staircase braided (simplified)

Deterministic and Ensemble-Based SC Product Codes

C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrom

CHALMERS

8/12



Introduction

Density Evolution Spatially-Coupled PCs

Spa = o CHALMERS

Comparison of Deterministic Codes and Ensembles

Deterministic Ensemble-Based [Jian et al., 2012]

¥ = W (cBx*™Y)

(B =n)
1 11
1 1 111
1 101 N 111
2 1 1 3 111
101 111
1 11
staircase braided (simplified)
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Deterministic Ensemble-Based [Jian et al., 2012]

¥ = W (cBx*™Y) ) = W (cBx"Y)
(B =n)
1 11
1 1 111
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Spatially-Coupled PCs
[ Je]

CHALMERS

Comparison of Deterministic Codes and Ensembles

Deterministic

Ensemble-Based [Jian et al., 2012]

¥ = W (cBx*™Y)

(B =9m)
1 11
1 1 111

1 101 1 111

2 1 1 3 11

101 1
1
staircase

) = W (cBx"Y)

1
11
11

braided (simplified)

e Density evolution equations have the same form
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Density Evolution Spatially-Coupled PCs

Spa = o CHALMERS

Comparison of Deterministic Codes and Ensembles

Deterministic Ensemble-Based [Jian et al., 2012]

¥ = W (cBx*™Y) ) = W (cBx"Y)
(B =9m) (B=ATA)
1 1 1 1 1 A 1
101 111 X 11 1
1 101 1 111 A= . .
3 101 3 111 ‘
101 111 11 ..-1
1 11 e—————|

staircase braided (Simp“ﬁed) w (coupling Width)

e Density evolution equations have the same form
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Comparison of Deterministic Codes and Ensembles

Deterministic Ensemble-Based [Jian et al., 2012]

¥ = W (cBx*™Y) ) = W (cBx"Y)
(B =9m) (B=ATA)
1 11 11 111
1 1 111 121 1221
1 101 1 111 1 121 112321
2 1 1 3 111 4 121 "9 12321
1 1 111 121 1221
1 11 11 111
staircase braided (simplified) w =2 w=3

e Density evolution equations have the same form
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Comparison of Deterministic Codes and Ensembles

Deterministic Ensemble-Based [Jian et al., 2012]

m(@) = \II>t(CBm(€_1)) capacity-achieving at
- high rates over the
(B =m) binary symmetric channel
1 11 11 111
101 111 121 1221
. 101 . 111 L 121 12321
2 101 3 111 4 121 ] 12321
101 111 121 1221
1 11 11 111
staircase braided (simplified) w =2 w =3

e Density evolution equations have the same form
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Comparison of Deterministic Codes and Ensembles

Deterministic Ensemble-Based [Jian et al., 2012]

m(@) = \II>t(CBm(€_1)) capacity-achieving at
- high rates over the
(B =m) binary symmetric channel
1 11 11 111
101 111 121 1221
. 101 . 111 L 121 12321
2 101 3 111 4 121 ] 12321
101 111 121 1221
1 11 11 111
staircase braided (simplified) w =2 w =3

e Density evolution equations have the same form

o Different averaging due to matrices B and B
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Can we “emulate” the ensemble density evolution with deterministic codes?
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Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P 2 w?’B = w?A"A

1 1
1 2 1
1 2 1
1 2 1
1 2 1
1 1

Pfor L =6, w=2
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Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?
1. Let P2 w’B =uw?ATA

2. Form i’ from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

1 1
1 2 1
1 2 1
1 2 1
1 2 1
1 1

Pfor L =6, w=2

Deterministic and Ensemble-Based SC Product Codes | C. Hager, H. D. Pfister, A. Graell i Amat, F. Brannstrém 9/12



Introduction C Constrt | Density Evolution Spatially-Coupled PCs

oe

CHALMERS
Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?
1. Let P2 w’B =uw?ATA

2. Form i’ from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

01 1

12 1
12 1
12 1
12 1

Pfor L =6, w=2
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Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?
1. Let P2 w’B =uw?ATA

2. Form i’ from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

Iy
1111
1 2 1
1 2 1
12 1
11

Pfor L =6, w=2
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Ensemble Performance via Deterministic Codes
Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P 2 w?’B = w?A"A

2. Form i’ from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

1010
0101
101110
011101
101110
011101
101110
011101
101110
011101
1010
0101
n’ (not unique)
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Ensemble Performance via Deterministic Codes
Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P2 w?’B =w?ATA

2. Form i’ from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

3. M2i,2j—1 = n;,; and m2i_1,2; = nj; (create row/column array structure)

1010
0101
101110
011101
101110
011101
101110
011101
101110
011101
1010
0101
n’ (not unique)
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Ensemble Performance via Deterministic Codes
Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P2 w?’B =w?ATA

2. Form i’ from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

3. M2i,2j—1 = n;,; and m2i_1,2; = nj; (create row/column array structure)

1010
0101
101110
011101
101110
011101 3
101110
011101
101110
011101
1010
0101
n (not unique)
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Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P2 w?’B =w?ATA

2. Form ' from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

3. M2i2j—1 =1n;; and n2;_1.2; = 1;,; (create row/column array structure)
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Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P2 w?’B =w?ATA

2. Form ' from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

3. M2i2j—1 =1n;; and n2;_1.2; = 1;,; (create row/column array structure)

e Threshold bounds in [Jian et al., 2012] for the binary erasure channel also
apply to deterministic codes!
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Ensemble Performance via Deterministic Codes

Can we “emulate” the ensemble density evolution with deterministic codes?

1. Let P2 w?’B =w?ATA

2. Form ' from P: replace entries P; ; by symmetric w X w matrices with
P; ; ones per row/column

3. M2i2j—1 =1n;; and n2;_1.2; = 1;,; (create row/column array structure)

e Threshold bounds in [Jian et al., 2012] for the binary erasure channel also
apply to deterministic codes!

e Extension to binary symmetric channel?
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Is it helpful to use component codes with different erasure-correcting
capabilities? J
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Is it helpful to use component codes with different erasure-correcting
capabilities? J
o Let 7 = (71,72,...,Ttmy )" be a probability vector/distribution (i.e.,

>, 7t =1and 7 >0 for all i)
e 7y : fraction of component codes per position that correct ¢ erasures
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Component Code Mixtures

Is it helpful to use component codes with different erasure-correcting
capabilities? J
o Let 7 = (71,72,...,Ttmy )" be a probability vector/distribution (i.e.,

>, 7t =1and 7 >0 for all i)
e 7y : fraction of component codes per position that correct ¢ erasures
e Deterministic code construction based on 17 same as before
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Component Code Mixtures

Is it helpful to use component codes with different erasure-correcting J

o Let 7 = (71, 72,..
>, 7t =1and 7 >0 for all i)

-y Ttms )| be a probability vector/distribution (i.e.,

e 7y : fraction of component codes per position that correct ¢ erasures
e Deterministic code construction based on 17 same as before

positions: 1

2
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Component Code Mixtures

Is it helpful to use component codes with different erasure-correcting
capabilities? J
o Let 7 = (71,72,...,Ttmy )" be a probability vector/distribution (i.e.,

>, 7t =1and 7 >0 for all i)
e 7y : fraction of component codes per position that correct ¢ erasures
e Deterministic code construction based on 17 same as before

positions: 1 2 e L
[ ] ] ] T
Tn
n | |
| | |
n n n
Ton
] u | .
n CNs per position
| | |
| | | |
Ttmax T
[ n n v
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Problem Formulation J

For a fixed m (overall code structure), find “good” distributions 7.
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Problem Formulation J

For a fixed m (overall code structure), find “good” distributions 7.

Solution depends on the code structure:

o Different component codes are beneficial for product codes (see, e.g,
[Hirasawa et al., 1984] or [Justesen, 2011])
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Problem Formulation J

For a fixed m (overall code structure), find “good” distributions 7.

Solution depends on the code structure:

o Different component codes are beneficial for product codes (see, e.g,
[Hirasawa et al., 1984] or [Justesen, 2011])

e Half-product codes (n = 1): optimization via linear programing leads to
performance improvements [Hager et al., 2015]
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Component Code Mixtures

Problem Formulation J

For a fixed m (overall code structure), find “good” distributions 7.

Solution depends on the code structure:

o Different component codes are beneficial for product codes (see, e.g,
[Hirasawa et al., 1984] or [Justesen, 2011])

e Half-product codes (n = 1): optimization via linear programing leads to
performance improvements [Hager et al., 2015]

Theorem

For spatially-coupled product codes, (potential) threshold is maximized by
“regular” distribution
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Component Code Mixtures

Problem Formulation J

For a fixed m (overall code structure), find “good” distributions 7.

Solution depends on the code structure:

o Different component codes are beneficial for product codes (see, e.g,
[Hirasawa et al., 1984] or [Justesen, 2011])

e Half-product codes (n = 1): optimization via linear programing leads to
performance improvements [Hager et al., 2015]

Theorem

For spatially-coupled product codes, (potential) threshold is maximized by
“regular” distribution

= no asymptotic (n — oo, £ — oo, large w) performance improvement
possible
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e Certain deterministic codes (including spatially-coupled product codes)
can be analyzed with density evolution over the binary erasure channel
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Conclusion
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