Density Evolution for Deterministic Generalized
Product Codes with Higher-Order Modulation

Christian Hager! Alexandre Graell i Amat?
Henry D. Pfister! Fredrik Brannstrém?

1Department of Electrical and Computer Engineering, Duke University, Durham

2Department of Signals and Systems, Chalmers University of Technology, Gothenburg

International Symposium on Turbo Codes & lterative Information Processing
Brest, France, September 6, 2016

F(ORCE

FIBER-OPTIC COMMUNICATIONS
RESEARCH CENTER

CHALMERS




Motivation and Outline

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 1/13



Motivation and Outline

e Error-correcting codes for high-speed fiber-optical communications:
Generalized product codes with iterative bounded-distance decoding are
very appealing (low complexity)

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 1/13



Motivation and Outline

e Error-correcting codes for high-speed fiber-optical communications:
Generalized product codes with iterative bounded-distance decoding are
very appealing (low complexity)

e Code proposals are often very structured (i.e., deterministic):

e Conventional product codes [Justesen et al., 2010],
e Spatially-coupled (or convolutional-like) versions such as staircase codes

[Smith et al., 2012] and braided codes [Jian, 2013]

C. Hager, A. Graell i Amat, H. D. Pfister, F. Brannstrom 1/13

DE for Det. GPCs with Higher-Order Modulation



Motivation and Outline

e Error-correcting codes for high-speed fiber-optical communications:
Generalized product codes with iterative bounded-distance decoding are
very appealing (low complexity)

e Code proposals are often very structured (i.e., deterministic):

e Conventional product codes [Justesen et al., 2010],
e Spatially-coupled (or convolutional-like) versions such as staircase codes
[Smith et al., 2012] and braided codes [Jian, 2013]

e Asymptotic density evolution analysis possible for the binary erasure
channel (BEC) without ensemble argument [Hager et al., 2015]

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 1/13



Motivation and Outline

e Error-correcting codes for high-speed fiber-optical communications:
Generalized product codes with iterative bounded-distance decoding are
very appealing (low complexity)

e Code proposals are often very structured (i.e., deterministic):

e Conventional product codes [Justesen et al., 2010],
e Spatially-coupled (or convolutional-like) versions such as staircase codes
[Smith et al., 2012] and braided codes [Jian, 2013]

e Asymptotic density evolution analysis possible for the binary erasure
channel (BEC) without ensemble argument [Hager et al., 2015]

o Recent trend towards spectrally-efficient fiber-optical systems

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 1/13



Density Evolution

CHALMERS

Motivation and Outline

e Error-correcting codes for high-speed fiber-optical communications:
Generalized product codes with iterative bounded-distance decoding are
very appealing (low complexity)

e Code proposals are often very structured (i.e., deterministic):

e Conventional product codes [Justesen et al., 2010],
e Spatially-coupled (or convolutional-like) versions such as staircase codes
[Smith et al., 2012] and braided codes [Jian, 2013]

e Asymptotic density evolution analysis possible for the binary erasure
channel (BEC) without ensemble argument [Hager et al., 2015]

o Recent trend towards spectrally-efficient fiber-optical systems

In This Talk ...

e Deterministic code construction that recovers product codes, staircase
codes, and block-wise braided codes as special cases

e Rigorous density evolution analysis over parallel BECs

e Application: Bit mapper (interleaver) optimization for coded modulation
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ofofo generalized product code (GPC)
0[0]o0

spatially-coupled code
Tanner

graph

positions: 1 2 3 4 5

e Deterministic codes with fixed and structured Tanner graph
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Main contribution
Generalization to parallel BECs with different erasure probabilities J
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e For each position ¢ € {1,2,..., L}, let 7(4) = (71(2), 72(2), - - -, Ttmax ()7
be a probability vector /distribution (>, 7+(i) = 1 and 7:(¢) > 0 for all 7)

e 7.(i) : fraction of component codes at position 4 that correct ¢ erasures

positions:

n CNs per position
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e For each position ¢ € {1,2,..., L}, let 7(4) = (71(2), 72(2), - - -, Ttmax ()7
be a probability vector /distribution (>, 7+(i) = 1 and 7:(¢) > 0 for all 7)

e 7.(i) : fraction of component codes at position 4 that correct ¢ erasures

positions: 1 2 L
| u u T
T1(1)n I
u n u
| u u
| u u
T2(1)n n CNs per position
u u u
| u u
| u u
Tt,max(l)"I - - - 1
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be a probability vector /distribution (>, 7+(i) = 1 and 7:(¢) > 0 for all 7)

e 7.(i) : fraction of component codes at position 4 that correct ¢ erasures

positions: ] 2 L
W I n [ ] ] T
e | | | | | | I T1(L)n
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| | | | |
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e For each position ¢ € {1,2,..., L}, let 7(4) = (71(2), 72(2), - - -, Ttmax ()7

be a probability vector /distribution (>, 7+(i) = 1 and 7:(¢) > 0 for all 7)
e 7.(i) : fraction of component codes at position 4 that correct ¢ erasures
e Example: irregular product codes, where n = (9}) (i.e., L =2) and

o 71, (1) = 0.2, 71, (1) = 0.3, 745 (1) = 0.5
o 74,(2) =0.3, 7¢5(2) =0.7
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Component Code Mixtures

e For each position ¢ € {1,2,..., L}, let 7(4) = (71(2), 72(2), - - -, Ttmax ()7
be a probability vector /distribution (>, 7+(i) = 1 and 7:(¢) > 0 for all 7)
e 7,(2) : fraction of component codes at position ¢ that correct ¢ erasures
e Example: irregular product codes, where n = (9}) (i.e., L =2) and
o 74 (1) =0.2, 7, (1) = 0.3, 7¢5(1) = 0.5
® Tiy (2) = 0.3, Tty (2) =0.7

Tt (Dn 7y (1) Ttz (n

Tty (2)n Tty (2)n

Teg (2)1 o5 (2)n
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oe CHALMERS
Component Code Mixtures

e For each position ¢ € {1,2,..., L}, let 7(4) = (71(2), 72(2), - - -, Ttmax ()7
be a probability vector /distribution (>, 7+(i) = 1 and 7:(¢) > 0 for all 7)
e 7,(2) : fraction of component codes at position ¢ that correct ¢ erasures
e Example: irregular product codes, where n = (9}) (i.e., L =2) and
o 74 (1) =0.2, 7, (1) = 0.3, 7¢5(1) = 0.5
o 74,(2) =0.3, 7¢5(2) =0.7

Tt (Dn 7y (1) Ttz (n

Tty (2)n Tty (2)n

Teg (2)1 o5 (2)n

K = 6 distinct VN classes
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e Transmission over parallel BECs with erasure probabilities p1, ..., pm
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e Transmission over parallel BECs with erasure probabilities p1, ..., pm
e Bit mapper A determines the allocation of coded bits to channels

e A: K x M matrix, where entries ay,  denote the fraction of bits from the
k-th VN class that are allocated to the g-th BEC
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e Bit mapper A determines the allocation of coded bits to channels

e A: K x M matrix, where entries ay,  denote the fraction of bits from the
k-th VN class that are allocated to the g-th BEC

Effectively, coded bits from different VN classes are transmitted through
“virtual” BECs with erasure probability py, where

M

Dk = Z Ak,qPq

q=1
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Density Evolution

©00 CHALMERS
Bit Mapper

| parallel channels

e Transmission over parallel BECs with erasure probabilities p1, ..., pm
e Bit mapper A determines the allocation of coded bits to channels

e A: K x M matrix, where entries ay,  denote the fraction of bits from the
k-th VN class that are allocated to the g-th BEC

o Effectively, coded bits from different VN classes are transmitted through
“virtual” BECs with erasure probability py, where

M

Dk = Z Ak,qPq

q=1

e Example: baseline/uniform bit mapper, where ay,, = 1/M for all k, ¢
= all virtual BECs are the same
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e What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC
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e What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC

o Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1 4k.qCq
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o What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC

o Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1
e One parameter :ri? is tracked per CN class : (asymptotic) probability that

a randomly chosen erased bit corresponding to a t-erasure correcting
component code at position ¢ is not recovered

Qk,qCq
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Density Evolution

o What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC

o Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1 4k.qCq
(e )

e One parameter z; ; is tracked per CN class : (asymptotic) probability that
a randomly chosen erased bit corresponding to a t-erasure correcting
component code at position ¢ is not recovered

L tmax
¢ ¢
9553 = <11; Z Ni,j Z C00 (1, )T (5) ;t/1)>

j=1 t/=1
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o What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC

o Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1 4k.qCq
e One parameter :r( ) is tracked per CN class : (asymptotic) probability that
a randomly chosen erased bit corresponding to a t-erasure correcting

component code at position ¢ is not recovered

initial condition
T (0) =1 for all 7, ¢

tmax

L
¢ o
mgg =V <11; D Mg D e (i, 5)Te (§)x 5 l)>

j=1 t/=1
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What happens asymptotically for n — oo?

Let pr = cx/n for ¢, > 0 and k € {1,2,..., M}, where ¢y, is the effective
channel quality of the k-th BEC

Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1 4k.qCq
One parameter :r( ) is tracked per CN class : (asymptotic) probability that
a randomly chosen erased bit corresponding to a t-erasure correcting

component code at position ¢ is not recovered

initial condition
T (0) =1 for all 7, ¢

tmax

L m
=V %Z Z C00 (1, )T (7) Eill)>

code construction parameters
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e What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC

o Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1 4k.qCq
e One parameter :r( ) is tracked per CN class : (asymptotic) probability that
a randomly chosen erased bit corresponding to a t-erasure correcting
component code at position ¢ is not recovered
initial condition

effective channel qualities for VN classes (0)

z,, =1forallit

tmax
o) = ‘Ifzt Z M. Z G (i, )7 ()2t 1)>

code construction parameters
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e What happens asymptotically for n — oo?

o Let pr = ck/nforcy, >0and k € {1,2,..., M}, where ¢ is the effective
channel quality of the k-th BEC

o Bit mapper transforms these into effective channel qualities for the virtual
BECs of each VN class: & 4 (i,j) > & = >

q=1 4k.qCq
e One parameter :r( ) is tracked per CN class : (asymptotic) probability that
a randomly chosen erased bit corresponding to a t-erasure correcting
component code at position ¢ is not recovered
initial condition

effective channel qualities for VN classes (0)

z,, =1forallit

tmax
(, \Ij>f Z Ti,5 Z G, (4,5) T (J ;et, 1)>

Poisson tail probablllty

— code construction parameters
\I/>t(x)717 § 0 Lve v P
i=
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e Density evolution depends on effective channel qualities ¢ = (c1,...,cr)
of the parallel BECs
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e Density evolution depends on effective channel qualities ¢ = (c1,...,cr)
of the parallel BECs

e cis admissable if lim/_, o x}’? =0 for all 4,¢ (successful decoding with
high probability)
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e Density evolution depends on effective channel qualities ¢ = (c1,...,cr)
of the parallel BECs

e cis admissable if lim/_, o x}’? =0 for all 4,¢ (successful decoding with
high probability)
e For a given code and bit mapper, one may then define threshold regions

e Simplification: effective channel qualities are linearly parameterized by a
single parameter ¢ (think “signal-to-noise ratio”), i.e., for k € {1,..., M}

Cr = Cbk,

with fixed by
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Density Evolution

ooe CHALMERS
Decoding Thresholds

e Density evolution depends on effective channel qualities ¢ = (c1,...,cr)
of the parallel BECs

e cis admissable if lim/_, o x}’? =0 for all 4,¢ (successful decoding with
high probability)

e For a given code and bit mapper, one may then define threshold regions

e Simplification: effective channel qualities are linearly parameterized by a
single parameter ¢ (think “signal-to-noise ratio”), i.e., for k € {1,..., M}

Cr = Cbk,

with fixed by
e In this case, one may define decoding thresholds as usual:

¢ =sup{c>0| elim xget) =0 for all ¢,t}
—oo
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link
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signal-to-noise ratio
p = E[X]/E[27]
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Spectrally-Efficient Communication

signal-to-noise ratio
p = E[X]/E[27]

multilevel signal constellation
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signal-to-noise ratio
p = E[X]/E[27]

by —>|
. X Y
: » — >

by —

modulator

000 001 011 010 110 111 101 100
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signal- to—n0|se ratio
p = E[X?]/E[Z?

e

modulator

minimum-distance
symbol-by-symbol detector
(no “soft” information)

000 001 011 010 110 111 101 100
———0—0+—0—0— 00— 00—
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Spectrally-Efficient Communication

parallel channels

by

by (BSC P |

e Approximate setup: parallel binary symmetric channels (BSCs) with
different crossover probabilities p1, ..., pas
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parallel channels

e Approximate setup: parallel binary symmetric channels (BSCs) with
different crossover probabilities p1, ..., pas

e Nearest-neighbor approximation: py, = byp(p), bx = M2¥~1/(2M — 1),

_ 2M 3p
p(p) = Tom—i @ 53 ]
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bit . . . bit
mapper : : : demap.

e Approximate setup: parallel binary symmetric channels (BSCs) with

different crossover probabilities p1, ..., pas
e Nearest-neighbor approximation: py, = byp(p), bx = M2¥~1/(2M — 1),

_ 2M 3p
p(p) = 31 @ |\ 5287 7
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parallel channels

-]
bit . . . bit
mapper : : : demap.

BEC analysis (alternatively, assume
no decoder miscorrections)

e Approximate setup: parallel binary symmetric channels (BSCs) with

different crossover probabilities p1, ..., pas
e Nearest-neighbor approximation: py, = byp(p), bx = M2¥~1/(2M — 1),

_ 2M 3p
p(p) = 31 @ |\ 5287 7
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parallel channels

-]
bit . . . bit
mapper : : : demap.

BEC analysis (alternatively, assume
no decoder miscorrections)

e Approximate setup: parallel binary symmetric channels (BSCs) with

different crossover probabilities p1, ..., pas
e Nearest-neighbor approximation: py, = byp(p), bx = M2¥~1/(2M — 1),

_ 2M 3p
p(p) = Tom—i @ 53 ]

e Recall linear parametrization: py = cbi/n = p=p '(c/n)

C. Hager, A. Graell i Amat, H. D. Pfister, F. Brannstrém 10/13

DE for Det. GPCs with Higher-Order Modulation



Application
CHALMERS

Spectrally-Efficient Communication

parallel channels

-]
bit . . . bit
mapper : : : demap.

BEC analysis (alternatively, assume
no decoder miscorrections)

e Approximate setup: parallel binary symmetric channels (BSCs) with

different crossover probabilities p1, ..., pas
e Nearest-neighbor approximation: py, = byp(p), bx = M2¥~1/(2M — 1),

_ 2M 3p
p(p) = Tom—i @ 53 ]

e Recall linear parametrization: py = cbi/n = p=p '(c/n)
e Example: threshold ¢ = 10.63 and M = 4. For n = 1600, waterfall region

expected at p = 9 *(c¢/n) ~ 26.11dB
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Bit Mapper Optimization

Problem Formulation ([Richter et al., 2007], [Cheng et al., 2012], ...) J

Optimize the bit mapper A for a given code and signal constellation
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Application

oeo CHALMERS
Bit Mapper Optimization

Problem Formulation ([Richter et al., 2007], [Cheng et al., 2012], ...) J

Optimize the bit mapper A for a given code and signal constellation

e For illustration purposes, we consider irregular half-product codes, where
n=1, 71 =0.667, 7§ = 0.333 = K = 3 VN classes

T5 § T8
0
0
0 not used
T5 oo
T8 2.0 o
0
sofeeqeepenleades ..0
T8 . )
3 110

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 11/13



Application

oeo CHALMERS
Bit Mapper Optimization

Problem Formulation ([Richter et al., 2007], [Cheng et al., 2012], ...) J

Optimize the bit mapper A for a given code and signal constellation

e For illustration purposes, we consider irregular half-product codes, where
n=1, 71 =0.667, 7§ = 0.333 = K = 3 VN classes

T5 § T8
0
0
0 not used
T5 oo
T8 2.0 o
0
sofeeqeepenleades ..0
T8 . )
3 110

e Signal constellation: 16-PAM (256-QAM) = M = 4 distinct channels

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 11/13



Application

oeo CHALMERS
Bit Mapper Optimization

Problem Formulation ([Richter et al., 2007], [Cheng et al., 2012], ...) J

Optimize the bit mapper A for a given code and signal constellation

e For illustration purposes, we consider irregular half-product codes, where
n=1, 71 =0.667, 7§ = 0.333 = K = 3 VN classes

T5 § T8
0
0
0 not used
T5 oo
T8 2.0 o
0
sofeeqeepenleades ..0
T8 . )
3 110

e Signal constellation: 16-PAM (256-QAM) = M = 4 distinct channels

e Heuristic threshold maximization via differential evolution algorithm

DE for Det. GPCs with Higher-Order Modulation | C. Hager, A. Graell i Amat, H. D. Pfister, F. Briannstrém 11/13



Application

oeo CHALMERS
Bit Mapper Optimization

Problem Formulation ([Richter et al., 2007], [Cheng et al., 2012], ...) J

Optimize the bit mapper A for a given code and signal constellation

e For illustration purposes, we consider irregular half-product codes, where
n=1, 71 =0.667, 7§ = 0.333 = K = 3 VN classes

T5 § T8
0
0
0 not used
75 | [ 0
T8 2.0 o
¥ 0
odpogee|adpags)es Q
8 : 10
: T g

e Signal constellation: 16-PAM (256-QAM) = M = 4 distinct channels
e Heuristic threshold maximization via differential evolution algorithm

e Validation with n = 1600 and ¢ = 50 iterations
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Thank you!
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